Abstract-This paper presents a new methodology for deformable object modelling by drawing an analogy between cellular neural network (CNN) and elastic deformation. The potential energy stored in an elastic body as a result of a deformation caused by an external force is propagated among mass points by the non-linear CNN activity. An improved CNN model is developed for propagating the energy generated by the external force on the object surface in the natural manner of Poisson equation. The proposed methodology models non-linear materials with nonlinear CNN rather than geometric non-linearity in the most existing deformation methods. It can not only deal with large-range deformations, but it can also accommodate isotropic, anisotropic and inhomogeneous materials by simply modifying constitutive constants.
INTRODUCTION
Virtual reality based surgery simulation is expected to provide benefits in many aspects of surgical procedure training and evaluation. To this end, a significant amount of research efforts have been dedicated to simulating the behaviours of deformable objects. These research efforts can be divided into two classes. One is focused on realtime simulation such as mass-spring models [1, 2] and spline surfaces used for deformation simulation and visualization [3, 4] . The advantage of this method is that the computation is less time consuming and the algorithm is easier to be implemented. However, the method does not allow accurate modelling of material properties, and more importantly, increasing the number of springs leads to a stiffer system. The other method focuses on deformation modelling using techniques such as Finite Element Method (FEM) [5, 6] and Boundary Element Method (BEM) [7, 8] . In FEM or BEM, rigorous mathematical analysis based on continuum mechanics is applied to accurately model the mechanical behaviours of deformable objects. However, these methods are computationally expensive and are typically simulated off-line. The pre-calculation [7] , matrix condensation [9] , the space and time adaptive level-of-detail [10] and explicit finite element [11] techniques are used to enhance the computational performance.
In general, most of the existing methods for deformable object modelling are fully built on a linear elastic model to describe the deformation, while the behaviours of deformable objects such as human tissues and organs are extremely nonlinear [12, 13] . The common deformation methods, such as mass-spring, FEM and BEM, are mainly based on linear elastic models because of the simplicity of linear elastic models, and also because linear elastic models allow reduced runtime computations. However, linear elastic models cannot accommodate the large-range geometric deformations and the displacements are only allowed to be less than 10% of the deformable object size [12, 14] . Although few methods based on the nonlinear elastic model can handle the large-range deformations [15] , the use of quadric strains generally requires a very expensive computation for real-time simulation. The runtime assembly of all the force terms for every element limits the interactivity to only a few hundred elements. In addition, only geometric nonlinearity is modelled rather than non-linear material properties, extra work often needs to be performed for anisotropic deformations.
This paper presents a new methodology for the deformable object modelling by drawing an analogy between cellular neural network (CNN) and elastic deformation. The deformation is formulated as a dynamic CNN. The potential energy stored due to a deformation caused by an external force is calculated and treated as the energy injected into the system, as described by the law of conservation of energy. An improved autonomous CNN model is developed for propagating the energy generated by the external force among mass points through the local connectivity of cells and the CNN dynamics. The improved CNN model provides a natural manner for energy propagation since the local connectivity of cells acts as the local interaction of Poisson equation. A flux based method is presented to derive the internal forces from the potential energy distribution established by the CNN. The methodology can not only deal with largerange deformations, but it can also accommodate isotropic, anisotropic and inhomogeneous materials easily through simply modifying the constitutive constants.
There are several investigations that combine neural network with deformable modelling [16, 17] . However, in these methods, neural networks are mainly used to determine the parameters of mass-spring models. To the best of our knowledge, this study is the first to directly use neural network techniques to mimic the behaviours of deformable objects under externally applied loads. The contribution of this paper is that non-linear materials are modelled with non-linear CNN rather than geometric nonlinearity, and CNN techniques are used to naturally propagate the energy generated by the external force and further to extrapolate the internal forces from the natural energy distribution for deformations.
II. DESIGN OF CNN MODEL
The CNN was first developed by L. O. Chua in 1988, which was primarily intended for image processing and pattern recognition [18] . A CNN is a dynamic nonlinear circuit composed by locally coupled, spatially recurrent circuit units called cells, which contain linear capacitors, linear resistors, and linear/nonlinear current sources. A CNN model can be applied to different grid types. Without loss of generality, we consider a CNN on a rectangular grid with M rows and N columns. Each node on the grid is occupied by a cell. The dynamics of the array of M×N cells is described by the following equation and conditions [18] :
where (i, j) refers to the cell associated with the node under consideration, (k,l) to a cell in the neighborhood of the cell (i, j), namely N r (i, j), within a radius r of the cell (i, j) (r=1 for simplicity). C is the capacitance of a linear capacitor, x R is the resistance of a linear resistor, and I is the current of the independent linear/nonlinear current source. A is the feedback template and B is the control 
One significant feature of CNN, as well as the basic difference from other neural networks, is the local connectivity of cells [18] , i.e. any cell in CNN is connected only to its neighbouring cells. Adjacent cells directly interact with each other. Cells not directly connected to each other have indirect effect because of the propagation effects of the continuous-time dynamics of CNN. The activity of a cell is propagated to other cells through the local connectivity of cells and the timecontinuous dynamics. Therefore, CNN provides a manner for modelling the physical process of energy propagation.
Another significant feature of CNN is that the individual cells are non-linear dynamical systems, but that the coupling between them, i.e. the local connectivity of cells, is linear [19] . The feature makes CNN very suitable for modelling non-linear materials since CNN conserves the physical properties of a continuous structure.
In addition, given the initial state and the external environment, CNN activity is only determined by the local connectivity of cells. The local connectivity of cells is similar to the internal force since the deformation is only determined by the internal force under the given external force and the initial state.
Further, CNN offers an incomparable computation speed due to the collective and simultaneous activity of all cells. The computation advantage of CNN is very suitable for real-time the computation requirement of deformable object simulation.
Soft tissue deformation is actually a process of energy propagation. When a soft tissue is deformed by an external force, the potential energy of the tissue is changed. The potential energy is distributed among mass points of the tissue to restore the deformed tissue to its natural state. The potential energy should be zero when the tissue is in its natural state, and the energy should grow larger as the tissue gets increasingly deformed away from its natural state [20] . According to the law of conservation of energy, the change in potential energy is due to the work done by the external force [21] . Therefore, the deformation process can be treated as a process of (i) applying the energy generated by an external force to the soft tissue and (ii) propagating the energy among mass points of the soft tissue.
The process of energy propagation can be described by a CNN, in which the activity of a cell is propagated to others through the local connectivity of cells and the CNN dynamics. In the proposed CNN analogy, the deformation of soft tissues is treated as the activity of a CNN. Each mass point of the tissue is treated as a cell, and the tissue surface is treated as a CNN by using a number of locally connected cells. The energy generated by the external force is treated as the current source of the contact cell. As a result of the CNN activity, the energy is propagated among mass points through the local connectivity of cells and a potential field is further developed on the tissue surface. The activity of a cell always follows the potential change, moving from a high potential energy point to a low potential energy point. Therefore, such a CNN with the current source, the local interaction generated from the local connectivity of cells and the activity can be seen as a communication medium among an external force, internal forces and deformation.
III. CONSTRUCTION OF CNN MODEL

A. Current Source Formulation
When a deformable object is deformed under an external force, there is a displacement observed. The deformation is the consequence of the work done by the external force. According to the law of conservation of energy, the work done by the external force can be transformed into an equivalent electric energy at the contact point. Therefore, the current source I is
where F is the external force, S is the displacement and F A is the area on which the external force is applied.
If the external force is applied to a point or the area that the force is applied on is small, the current I may be regarded as the elastic strain energy density at the contact point: where is the stress tensor and is the strain tensor at the contact point. The commonly used and simple strain tensor is linear Cauchy strain tensor described by:
A straight forward approach that leads to a linear relationship between these two tensors is provided by the Hooke's law:
From Eq. (6), we can deduce the displacement from the given external force and subsequently the current I can be obtained.
In most of CNN applications, the current source of each cell has the same value. For our purpose, the energy generated by the external force is treated as a current source and propagated to other mass points along the object surface. Therefore, the obtained current source is set only at the contact cell of the external force, and the current source values of other cells are set to zero. 
B. Poisson Equation
C. Discretization of Poisson equation on rectangular grids
The discretization of the Poisson equation on a rectangular grid is straightforward. The Poisson equation at each internal node can be established by discretizing the Laplace operator in Eq. (8) With respect to Eq. (9), the discrete Poisson equation on a rectangular grid for anisotropic and inhomogeneous materials can be easily obtained.
D. Discretization of Poisson equation on triangular grids
To discritize Poisson equation on a triangular net, a finite volume method [23] is used to aid discretizing Poisson equation at each node. One straightforward finite volume method is Voronoi diagram [24] , which derives the discretized equation at each node from the energy conservation law. Fig. 2 (10) where n m mn P P L is the distance between two points m P and n P , and S is the measure of the finite volume. Since the CNN model has no inputs (i.e. B=0), the constraint conditions Eq. (1c) can be easily satisfied by setting the initial value is zero.
E. Formulation for local connectivity of cells
IV. INTERNAL FORCE DERIVATION AND MODEL DYNAMICS
A. Internal force derivation
Potential functions provide an elegant method of describing internal forces based on point positions. For a potential function , the force exerted on a point i P is due to the gradient of the potential energy with respect to the change in position, as described below.
The potential field developed by the activity of the CNN describes the energy distribution on the object surface. The associated potential function is the output, which can be further written as v(u,w,t) since a cell corresponds to a mass point. Since the CNN has the similar behaviour with the Poisson equation, the internal force described as the negative gradient of the potential with respect to the change in position is actually flux; The property of the local connectivity of cells is inherited by the internal force. An internal force exists between any two connected points and the internal force at a point is derived from the connected neighbouring points of this point. The force between any two connected points is calculated as follows: The internal force i g at a given point i P is the sum of the internal forces from all connected neighbor points of
where
is the connected neighbor points of i P , ij f is the force between point i P and its neighbor point j P .
B. Model dynamics
When an external force is applied to a deformable object, the contact point of the external force is replaced with a new position. As a result, the other points not influenced by the external force are in an unstable state. The energy generated by the external force is propagated among mass points through the local connectivity of cells to establish a new equilibrium state by generating the corresponding internal forces. Based on the equilibrium state, the new position of each point is obtained. The dynamic behaviour is governed by the Lagrangian equation of motion of each node: The solution of Eq. (19) can be computed either by an implicit integration scheme or an explicit integration scheme. Although the implicit integration has the advantage of being unconditionally stable, which means it allows large time steps to be used, it is computationally intensive and requires inverting a sparse matrix at each iteration [25] . Therefore, the explicit integration scheme [11, 15] is used to solve the Eq. (19) . The advantage of the explicit scheme is that no matrix inversion is required for updating each vertex position.
V. IMPLEMENTATION RESULTS AND DISCUSSIONS A prototype system has been implemented for interactive deformable object simulation. A PHANToM haptic device is configured with the system to carry out the deformations of deformable objects with force feedback. Graphical and haptic rendering sre achieved by the OpenGL graphics library and the OpenHaptic Toolkit from Sensable Technologies, respectively. Experiments are conducted to investigate isotropic deformation, anisotropic deformation and the non-linear loaddeformation of the model. Fig. 3 illustrates the deformations of an isotropic material modelled with 400 mass points (constitutive coeffiticent = 0.4 and the damping = 10). Fig. 3 shows two different views for the deformation of an elliptic sphere.
The anisotropic property of soft objects can be easily simulated by the proposed model through simply setting different constitutive coefficients in different parameter directions. Fig. 4 illustrates the deformation of an anisotropic cylindrical material. The material has the same material parameters with the material in Fig. 3 except that the thermal conductivities are different in the parameter directions. As shown in Fig. 4 , where the cylinder is deformed more on the segment lines around the deformation area.
The behaviours of inhomogeneous materials can be easily simulated by the proposed model through simply setting different constitutive coefficients. Fig. 5 illustrates the deformations of an inhomogeneous material, where the red parts have a different constitutive coefficient from the green part. As shown in Fig. 5 , some of the red parts are also deformed correspondingly during the deformation process. The proposed method has been tested to determine if it exhibits non-linear load-deformation relationship. Eight materials that are modelled with different damping constants (from right to left in Fig. 6 , the damping is 1.0, 2.0, 4.0, 5.0, 6.0, 7.0, 9.0 and 10.0, respectively) are tested. The deformation is calculated when the force applied to the model is increased at a constant rate. The results in Fig. 6 demonstrate that deformation varies nonlinearly with the applied force.
Real-time interactive deformation of virtual human organs with force feedback has been achieved using the proposed methodology. Fig. 7 shows the deformations of a liver model with a virtual probe.
Figure 7. Haptic deformation of a liver model
Compared with most of the existing deformation methods such as mass-spring, BEM and linear FEM, the methodology can perform large-range displacements through its non-linear load-deformation relationship. Compared with non-linear FEM such as [15] , the CNN model is more easier to be formulated than the complex non-linear elastic model, and only surface mass points are involved in computation and rendering without any inside points while the interior has to be meshed and calculated in FEM. In addition, the methodology can easily accommodate anisotropic materials by simply setting constitutive constants while extra work has to be performed in both mass-spring and FEM.
VI. CONCLUSIONS This paper presents a new methodology to mimic the behaviours of deformable objects by establishing an analogy between CNN and elastic deformation. The contribution of this paper is that non-linear materials are modeled with non-linear CNN rather than geometric nonlinearity, and CNN techniques are established to propagate the energy generated by the external force for extrapolating internal forces. An improved autonomous CNN model is developed for propagating the energy generated by the external force on the object surface in the natural manner of Poisson equation. A method is presented for deriving the internal forces from the potential energy distribution. This proposed methodology can not only deal with large-range deformations, but also can accommodate isotropic, anisotropic and inhomogeneous materials through simply modifying the constitutive constants.
